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1.  INTRODUCTION 

I t .  is d e s i r e d  t o  improve upon t h e  a b i l i t y  t o  desc r ibe  t h e  behav io r  of 
a n i s o t r o p i c  media s u b j e c t e d  t o  l a r g e  p r e s s u r e s ,  as is t h e  case  f o r  
h y p e r v e l o c i t y  impact.  I t  is believed t h a t  express ing  t h e  a n i s o t r o p i c  
c o n s t i t u t i v e  r e l a t i o n s h i p  i n  a f o r m  t h a t  makes u s e  of t h e  d e v i a t o r i c  s t r e s s  
and  s t r a i n  t e n s o r s  p rov ides  f o r  a  b e t t e r  d e s c r i p t i o n  of a n i s o t r o p i c  m a t e r i a l s  
whose compress ib i l i ty  i s  p e r m i t t e d  t o  v a r y  w i t h  vo lumet r i c  s t r a i n .  The 
d e v i a t o r i c  s t r e s s  t e c h n i q u e  is used r o u t i n e l y  i n  many impact  codes f o r  
d e s c r i b i n g  i s o t r o p i c  b e h a ~ i o r l - ~ ,  and is descr ibed i n  many books on 
e l a s t i c i t y  a n d  p l a ~ t i c i t y ~ - ~ .  A n i s o t r o p i c  schemes h a v e  a l s o  been 
developed f o r  v a r i o u s  i m p a c t  which ca lcu la te  a d e v i a t o r i c  s t r e s s .  
However, t h e  d e v i a t o r i c  s t r e s s  is expressed i n  t e r m s  of a  t o t a l  s t r a i n  and  t h e  
bulk modulus. In  a t r u e  d e v i a t o r i c  f o r m u l a t i o n ,  d e v i a t o r i c  s t r e s s  is 
expressed only i n  t e r m s  of d e v i a t o r i c  s t r a i n ,  and  compress ib i l i ty  a f f e c t s  only 
t h e  e q u a t i o n  of s t a t e ,  n o t  t h e  d e v i a t o r i c  s t r e s s / s t r a i n  r e l a t i o n .  

An a n i s o t r o p i c  f o r m u l a t i o n  is proposed which s a t i s f i e s  t h e  condi t ion of 
reducing t o  Hooke's L a w / P r a n d t l  Reuss Flow Rule when employing t h e  c o n s t r a i n t  
of c o n s t a n t  compress ib i l i ty  and i s o t r o p y ,  b u t  which conven ien t ly  allows f o r  
a n i s o t r o p y  and v a r i a b l e  compress ibi l i ty .  Addi t ional ly ,  t h e  f o r m u l a t i o n  is 
amenable f o r  inclusion i n t o  e x i s t i n g  impact  codes which p r e s e n t l y  u s e  t h e  
d e v i a t o r i c  s t r e s s  t e c h n i q u e  f o r  i s o t r o p i c  m a t e r i a l s .  A ske le ton  coding of t h e  
scheme is provided i n  Appendix A. The scheme a lso  provides  a n  improved 
t e c h n i q u e  f o r  ca lcu la t ing  h y d r o s t a t i c  p r e s s u r e  which is less  p rone  t o  e r r o r  
t h a n  e x i s t i n g  techniques .  Flnal ly ,  i t  is hoped t h a t  t h e  f o r m u l a t i o n  provides  
a n  enhanced physical  i n t e r p r e t a t i o n  on t h e  b e h a v i o r  of a n i s o t r o p i c  m a t e r i a l s  
whlch m i g h t  o t h e r w i s e  be lacking.  

2 .  BACKGROUND 

The  c o n s t i t u t i v e  r e l a t i o n s h i p  f o r  a n y  e l a s t i c  m a t e r i a l  may be 
r e p r e s e n t e d  i n  c o n t r a c t e d  f o r m  a s  

w h e r e  U i  a n d  E j  r e p r e s e n t  t h e  s i x  i n d e p e n d e n t  s t r e s s  a n d  
s t r a i n  components, and  Ci j  is t h e  modulus m a t r i x .  The c o n t r a c t e d  fo rm of 
t h e  c o n s t i t u t i v e  r e l a t i o n  is used f o r  t h e  s a k e  of s impl ic i ty ,  b u t  t h e  
t e n s o r i a l  components of t h e  c o n t r a c t e d  form a r e  def ined a s  follows: 

I n  g e n e r a l ,  C i j  may be a  f u n c t i o n  of o, E, E, e t c .  However, i t  is  
somewhat unwieldy a s  such,  and is sometimes cons ide red  t o  be c o n s t r u c t e d  of 
c o n s t a n t s ,  which produces t h e  f a m i l i a r  Hooke's  Law. One r e a s o n  why t h e  
d e f l c i e n c y  of Hooke's Law becomes a p p a r e n t  e x p e r i m e n t a l l y  under  l a r g e  
p r e s s u r e s  is t h a t  t h e  bulK modulus of t h e  m a t e r i a l  is q u i t e  d i f f e r e n t  f rom t h e  
material's s t r e s s  f r e e  v a l u e .  

F o r  i s o t r o p i c  m a t e r i a l s ,  t h i s  problem has  been c o m p u t a t i o n a l l y  



circumvented by the  introduct ion of t h e  dev ia to r i c  s t r e s s  and s t r a i n  t enso r s .  
These t enso r s  d i f f e r  from the  absolute  s t r e s s / s t r a i n  tensors  in  t h a t  t h e  
normal components of s t r e s s  and s t r a i n  a r e  decremented by the  average of t he  
normal s t r e s s e s  and s t r a i n s  respec t ive ly .  In t h i s  way, t he  dev ia to r i c  
q u a n t i t i e s  represent  devia t ion  from a hydros t a t i c  condition, while the  
r e l a t i o n s h i p  e x i s t i n g  between t h e  average s t r e s s  (negat ive of pressure)  and 
average s t r a i n  (volumetric d i l a t a t i o n )  is an equation of s t a t e .  Since 
experimental evidence r evea l s  t h a t  t h e  compress ib i l i ty  of many ma te r i a l s  
changes under large pressures,  t he  dev ia to r i c  formulat ion suggests  t h a t  while 
the  s i m p l i c i t y  of Hooke's Law (cons tant  c o e f f i c i e n t s )  might poss ib ly  be 
r e t a ined  f o r  computation of t h e  dev ia to r i c  s t r e s s e s  and s t r a i n s ,  a  more 
accura te  s c a l a r  equation of s t a t e  should simultaneously be employed t o  account 
f o r  non-l inear  compress ib i l i ty  e f f e c t s .  

3 .  ELASTIC DWIATORIC ANISOTROPY 

While t h e  mathemat ics  of t h e  cons tant  coefficient cons t i t u t ive  
re la t ionship  f o r  anisotropic materials  is well understood, t h e  cast ing of 
these  ru les  i n t o  a  devia tor ic  fo rma t  i s  n o t  nearly a s  s t r a i g h t f o r w a r d  a s  it i s  
f o r  isotropic materials.  Difficulties a r i s e  because of two pr imary  
differences in t h e  behavior of anisotropic mater ia l s  wi th  respec t  t o  t h a t  of 
isotropic materials:  (a)  under hydros t a t i c  pressure,  s t r a i n  i s  no t  uniform in  
all  t h r e e  direct ions of t h e  material  coordinates,  and (b) except under 
r e s t r i c t i v e  modulus conditions, devia tor ic  s t r a i n  will produce volumetric 
d i l a t a t ion  (i.e., two d i f f e r e n t  s t r e s s  s t a t e s  wi th  t h e  same pressure  will 
produce d i f f e r e n t  d i la ta t ions  in t h e  material).  

Decomposition of t h e  s t r e s s  and s t r a i n  tensors  i n t o  t h e i r  hydros t a t i c  and 
devia tor ic  components yields : 

where  oi a r e  a l l  equal  t o  t h e  components of h y d r o s t a t i c  s t r e s s  
(5 (a1 t a 2  t u 3 ) / 3 )  f o r  n o r m a l  s t r e s s  components  and  
equal  t o  zero  f o r  t h e  s h e a r  s t r e s s  components. The t e r m  
rep resen t s  t h e  normal s t r a i n s  due t o  h y d r o s t a t i c  s t r e s s ,  and a r e  formulated in 
Appendix C .  One may acqui re  upon s u b s t i t u t i o n  i n t o  equation ( 1 )  : 

where ba r red  quan t i t i e s  represent  conditions resu l t ing  from a hydros t a t i c  
p re s su re ,  S i  and e j  a r e  t h e  d e v i a t o r i c  s t r e s s e s  and s t r a i n s  
r e spec t ive ly ,  and C i j  i s  t h e  modulus mat r ix .  Unlike t h e  isotropic 
mater ia l s  i n  which a  hydros t a t i c  pressure produces a  unlform di la ta t ion  in al l  
t h r e e  coordinate direct ions,  hydros t a t i c  s t r a i n  f o r  an anisotropic mater ia l  i s  
non-uniform. Therefore, if  one defines t h e  devia tor ic  components of s t r e s s  
and s t r a i n  t o  be t h e  t o t a l  s t r e s s / s t r a i n  components decremented by an amount 
which would r e s u l t  from a hydros t a t i c  s t r e s s  s t a t e ,  one can conclude (per 
condition "a" above) t h a t  t h e r e  i s  a  unique hydros t a t i c  s t r a i n  component 
associated wi th  all  t h r e e  direct ions in t h e  mater ia l  coordinates ( t h e  
coordinate system which produces no shea r  coupling). Equation (4) may be 



decoupled t o  g i v e  a  h y d r o s t a t i c  e q u a t i o n  

and a  d e v i a t o r i c  r e l a t i o n s h i p  void  of h y d r o s t a t i c  terms: 

F o r  t h e  saKe of c l e a r  v i sua l i za t ion ,  t h e  f o r m u l a t i o n  will be  descr ibed f o r  
t r a n s v e r s e  i s o t r o p y ,  t h o u g h  ex tens ion  t o  o r t h o t r o p y  is. s t r a i g h t f o r w a r d 8 .  
F i g u r e  1 d e p i c t s  m a t e r i a l  e l ements  f r o m  a n  a n i s o t r o p i c  body whose m a t e r i a l  
( p r e f e r r e d )  c o o r d i n a t e  s y s t e m s  d i f f e r  f r o m  t h e  l a b o r a t o r y  f r a m e  of r e f e r e n c e .  
The p r e f e r r e d  c o o r d i n a t e  s y s t e m  is t h e  r e f e r e n c e  f r a m e  i n  which t h e  
c o n s t i t u t i v e  r e l a t i o n  r e d u c e s  t o  its most  simple form. F i g u r e  2 shows 
p r o p e r t i e s  of t h e  p r e f e r r e d  t r a n s v e r s e l y  i s o t r o p i c  m a t e r i a l  f r ame .  Mechanical 
p r o p e r t i e s  a r e  i n v a r i a n t  w i t h  r e s p e c t  t o  r e f e r e n c e  f r a m e  r o t a t i o n s  t h a t  a r e  
conf ined t o  t h e  plane of i s o t r o p y .  A s  such ,  a  c e r t a i n  s y m m e t r y  of mechanical 
p r o p e r t i e s  e x i s t  i n  t r a n s v e r s e l y  i s o t r o p i c  m a t e r i a l s  which a r e  a b s e n t  i n  
o r t h o t r o p i c  m a t e r i a l s .  T h e  proposed model will be  desc r ibed  i n  t h e  m a t e r i a l  
( p r e f e r r e d )  c o o r d i n a t e  sys tem.  So lu t ions  of problems i n  which t h e  l a b o r a t o r y  
f r a m e  and t h e  m a t e r i a l  f r a m e  do n o t  coincide pose no problem i f  one first 
t r a n s f o r m s  s t r e s s  and s t r a i n  t o  t h e  m a t e r i a l  f r a m e  (see Appendix B). 

Under  t h e  in f luence  of a  p u r e l y  h y d r o s t a t i c  s t r e s s  s t a t e  (and assuming 
t h e  moduli t o  be c o n s t a n t ) ,  t h e r e  will be a  c o n s t a n t  r a t i o  be tween  t h e  - 
a n i s o t r o p i c  ( l o n g i t u d i n a l )  - s t r a i n  e l  a n d  t h e  t r a n s v e r s e l y  i s o t r o p i c  
p l a n a r  s t r a i n  €2. D e f i n i n g  t h e  r a t i o  i n  t e r m s  of m a t e r i a l  
compliances Si ( w h e r e  Si = (ci j 1 - l )  : 

i t  is s e e n  t h a t  t h i s  p a r a m e t e r  (K,) r e d u c e s  t o  a  v a l u e  of u n i t y  
f o r  i s o t r o p y ,  where S l l  w l l l  equal  S22, and S12 w l l l  equal  S23. 

Using t h e  d e f i n i t i o n  t h a t  d e v i a t o r i c  s t r e s s  i s  t h a t  p a r t  of t h e  s t r e s s  
t e n s o r  which d e v i a t e s  f r o m  t h e  h y d r o s t a t i c  s t r e s s  cond i t ion ,  one  can conclude 
t h a t  t h e  d e v i a t o r i c  s t r e s s  h a s  no h y d r o s t a t i c  component 

One may s u b s t i t u t e  t h e  d e v i a t o r i c  c o n s t i t u t i v e  r e l a t i o n ,  e q u a t i o n  
( 6 )  , t o  a c q u i r e  

w h e r e  KO p h y s i c a l l y  r e p r e s e n t s  t h e  r a t i o  of  l o n g i t u d i n a l  a n d  
t r a n s v e r s e  s t r e s s  under  c o n d i t i o n s  of un i f  o m  s t r a i n  ( e l  = e2 = e 3 ) ,  
and i s  g iven  by 







As a  r e s u l t ,  t h e  sum of t h e  t h r e e  normal d e v i a t o r i c  s t r a i n  i n c r e m e n t s  
is n o t  g e n e r a l l y  z e r o ,  b u t  r a t h e r  e q u a l s  a  d e v l a t o r i c  d i l a t a t i o n  (el. 
The s ign i f i cance  of t h i s  t e r m  is t h a t  a  s t a t e  of s t r e s s  whose a v e r a g e  normal 
va lue  is z e r o  can produce vo lumet r ic  change on a n  e lement  w i t h  r e s p e c t  t o  t h a t  
element 's  s t r e s s  f r e e  volume. 

I f  one  w i s h e s  t o  c o n v e r t  a  g i v e n  e l a s t i c  s t r a i n  s t a t e  (cA) i n t o  
t h e  e l a s t i c  d e v i a t o r s  (e i ) ,  e l a s t i c  d e v i a t o r i c  d i l a t a t i o n  (e ) ,  a n d  
t h e  h y d r o s t a t l c  s t r a i n  components  (ej l ,  t h e  fo l lowing  n l n e  e q u a t l o n s  
given below may be used f o r  a  t r a n s v e r s e l y  i s o t r o p i c  m a t e r l a l  (whose plane of 
i s o t r o p y  is t h e  2-3 p l a n e )  : 

( D i l a t a t i o n  of D e v i a t o r i c  
S t r a i n  ) (11 1 

(Non-unif o m  h y d r o s t a t  l c  
s t r a i n )  (7 1 

(Assures  t h a t  d e v i a t o r i c  s t r e s s  
has  no h y d r o s t a t i c  
component ) ( 9  1 

A convenient  s o l u t i o n  of t h i s  s e t  of e q u a t i o n s  is given i n  Appendix 
C. F inal ly ,  t h e  u s e  of t h e  d e v i a t o r i c  c o n s t i t u t i v e  r e l a t i o n ,  e q u a t i o n  (6) 
hinged upon t h e  s a t i s f a c t i o n  of e q u a t i o n  (5). I n v e r t i n g  e q u a t i o n  (5) i n t o  
compliance fo rm and summing t h e  t h r e e  e q u a t i o n s  f o r  normal s t r a i n  yields upon 
r e d u c t i o n  : 

w h e r e  I s  a  t r u e  m a t e r l a l  p r o p e r t y  which wlll be  called t h e  e f f e c t i v e  
bulK modulus of t h e  m a t e r i a l  (it equals  t h e  rec ip roca l  of t h e  sum of t h e  n ine  
n o r m a l  compl iance  m a t r i x  c o m p o n e n t s ) ,  a n d  (e l  + e2  + e3) is 
t h e  t o t a l  vo lumet r ic  d i l a t a t i o n  of t h e  m a t e r i a l  element.  T h i s  e f f e c t i v e  
modulus, unliKe t h e  bulK modulus, is independent  of d e v i a t o r i c  s t r e s s  i n  
a n i s o t r o p i c  m a t e r i a l s .  The bulk modulus r e d u c e s  t o  t h e  e f f e c t i v e  bulK modulus 
only when t h e  d e v i a t o r i c  d i l a t a t i o n  e" equa l s  zero. Th is  condi t ion occurs  
u n d e r  e i t h e r  of t h e  following condit ions:  t h e  m a t e r i a l  is i so t rop ic ,  o r  t h e  
loading i s  pure ly  h y d r o s t a t i c .  

I t  was mentioned previously  t h a t  t h e  empirical  r e l a t i o n  between 
dilatation and p r e s s u r e  is n o t  a  l i n e a r  one. One a d v a n t a g e  of t h e  d e v i a t o r i c  



fo rmula t ion  l i es  i n  t h e  a b i l i t y  t o  a r b i t r a r i l y  make t h e  h y d r o s t a t i c  r e l a t i on  
non-linear while r e t a i n i n g  t h e  l i nea r  s impl ic i ty  of Hooke's Law f o r  t h e  
dev i a to r i c  por t ion  of t h e  c o n s t i t u t i v e  r e l a t i on .  Though t h i s  a d  hoc procedure  
does n o t  t heo re t i c a l l y  follow a s  a n  extension t o  Hooke's Law, i t  does pe rmi t  
t h e  code u se r  t o  more f lexibly  model t h e  empirical  behav ior  of t h e  mate r ia l .  

The re  a r e  a lso  codes employing t h e  inc rementa l  s t r a i n  approach which use  
a  fo rmula t ion  employing d e v i a t o r i c  s t r e s s ,  t hough  t h e  fo rmula t ion  can n o t  be 
t e rmed  dev ia to r ic .  The fo rm of t h e  r e l a t i o n  used by t h e  HELP code6 i s  

C Ae - 3 K  (Ae + A€ + b e  ) ,  i = 1 , 2 , 3  
As = [ i j  j 1 2  3  

i 
(13 

C i j  Bej , i = 4 ,  5, 6  

where  K is i den t i f i ed  a s  t h e  bulk modulus which presumably can be made 
dependent  on d i l a t a t i o n  (and t h e r e f o r e  h y d r o s t a t i c  s t r e s s ) .  In t h i s  way, t h e  
fo rmu la t i on  may also provide t h e  f l ex ib i l i t y  of a  t r u l y  d e v i a t o r i c  
fo rmula t ion .  However, equa t ion  (13) is n o t  t r u l y  a  d e v i a t o r i c  r e l a t i on ,  s ince 
t h e  d e v i a t o r i c  s t r e s s  i nc r emen t  is n o t  r e l a t e d  t o  d e v i a t o r i c  s t r a i n  inc rement ,  
b u t  r a t h e r  is expressed i n  t e r m s  of t h e  t o t a l  s t r a i n  increment .  The sys tem of 
equa t ions  p r e sen t l y  proposed, equa t ions  (6 and  12), a r e  t h u s  more a t t r a c t i v e  
i n  a  t h e o r e t i c a l  sense.  Similar ly ,  i t  h a s  a l r e ady  been pointed o u t  t h a t  t h e  
bulk modulus ( a s  opposed t o  t h e  e f f e c t i v e  bulk modulus der ived  i n  equa t ion  
(12)) is func t iona l ly  dependent  on d e v i a t o r i c  s t r e s s ,  and  i n  t h i s  sense 
equa t i on  (13) will e x h i b i t  f lawed behav ior  i f  t h e  d e v i a t o r i c  v a r i a t i o n  i n  bulk 
modulus is n o t  modeled. Finally,  t h e  f l ex ib i l i t y  a f fo rded  i n  equa t ion  (13) by 
allowing t h e  bulk modulus t o  v a r y  w i t h  h y d r o s t a t i c  s t r e s s  h a s  t h e  d i s t u r b i n g  
e f f e c t  t h a t  t h e  r e s u l t i n g  sum of t h e  normal s t r e s s  d e v i a t o r s  is n o t  general ly  
zero.  If  t h i s  i n t e r p r e t a t i o n  of t h e  HELP a lgor i thm a s  descr ibed in  r e f e r e n c e  
7  is c o r r e c t ,  t h e  use  of t h e  t e r m  s t r e s s  d e v i a t o r s  t o  descr ibe  t h e  l e f t  hand 
s ide  of equa t ion  (13) does n o t  even seem ju s t i f i ed .  

E F I C ~  use  a  fo rm s imi la r  t o  equa t ion  (13) excep t  t h a t  K is def ined 
i n  such a  way a s  t o  f o r c e  t h e  sum of t h e  normal s t r e s s  d e v i a t o r s  t o  zero. 
This  ad  hoc procedure  will coincidental ly  mimic t h e  behav ior  of equa t ion  (6), 
t hough  t h e  fo rmula t ion  is i n  e r r o r  d u r i n g  t h e  subsequent  h y d r o s t a t i c  s t r e s s  
calcula t ion by n o t  account ing f o r  t h e  dev ia to r ica l ly  induced d i l a t a t i o n  (e) .  

To see  add i t i ona l  advan t ages  a f fo rded  by t h e  proposed fo rmula t ion  when 
using a  code which employs a n  incrementa l  s t r a i n  approach,  compare t h e  
proposed a lgor i thm specif ics  w i t h  t h a t  of t h e  p r i o r  f o rmu la t i on  used i n  
 HELP^. The proposed fo rmula t ion  t a k e s  s t r a i n  inc rements ,  decomposes them 
i n t o  h y d r o s t a t i c  and  d e v i a t o r i c  components. Equat ion (6) is used i n  a n  
incrementa l  way t o  u p d a t e  dev i a to r i c  s t r e s s .  If  t h e  h y d r o s t a t i c  s t r a i n  
inc rements  a r e  summed and  remembered, equa t ion  (12) may be used t o  e v a l u a t e  
t h e  h y d r o s t a t i c  s t r e s s  va lue  d i r ec t l y .  If t h e  h y d r o s t a t i c  s t r e s s  is a  
f unc t i on  of vo lumet r ic  d i l a t a t i o n  only, t h e n  e r r o r s  i n t roduced  i n t o  t h e  
calcula t ion of h y d r o s t a t i c  s t r e s s  a r e  machine precision dependent,  b u t  n o t  
a l go r i t hm dependent.  T h a t  is t o  say ,  e r r o r s  i n  t h e  ca lcu la t ion  of h y d r o s t a t i c  
p r e s s u r e  a r e  i n sens i t i ve  t o  t h e  size of t h e  h y d r o s t a t i c  s t r a i n  increment .  

On t h e  o t h e r  hand, a n  incrementa l  s t r e s s  fo rmula t ion  l ike  t h a t  proposed 
f o r  H E L F ~  exper iences  e r r o r s  which a r e  dependent on h y d r o s t a t i c  s t r a i n  
inc rement  size (which is propor t iona l  t o  t h e  calcula t ion t imes t ep  size), i f  



variable compressibility i s  employed. For example, use of equation (13) a s  
described f o r  materials  w i th  variable compressibility r equ i re s  t h a t  some s o r t  
of average  compressibility be calculated f o r  t h e  time increment in  question. 
A s  shown in Figure 3, t h e  average bulk modulus depends not  only on t h e  t o t a l  
element d i la ta t ion ,  b u t  also on t h e  size of t h e  s t r a i n  increment (since 
d i l a t a t ion  changes wi th  s t r a i n  increment). Therefore, t h e  accuracy of such a 
scheme is limited by t h e  in t eg ra t ion  s t e p  size regardless  of machine 
precision, Presumably, t h i s  problem can be avoided if  one replaces t h e  
modulus d i l a t a t i o n  product  a t  t h e  end of equation (13) w i t h  a l a  term, 
where  t h e  A; t e r m  is d i r e c t l y  obtainable Knowing t h e  previous and 
p r e s e n t  cycles' average s t r e s s .  

However, many non-linear equat ions of s t a t e  t h a t  a r e  rout ine ly  employed 
in  impact codes like  HELP^ show a dependence of h y d r o s t a t i c  pressure on 
i n t e r n a l  energy. Under such conditions, t h i s  dependence of pressure on energy 
must effect ively be ref lected in  equation (13) f o r  consistency t o  be 
maintained. However, since i n t e r n a l  energy i s  a f fec ted  by t h e  work done by 
t h e  i n t e r n a l  s t r e s ses  (which include devia tor ic  s t resses) ,  a coupling of 
i n t e r n a l  energy, pressure,  and devia tor ic  s t r e s s e s  exists .  No simple means 
e x i s t s  t o  solve t h i s  s e t  of equations simultaneously, and a lengthy i t e r a t i v e  
process becomes necessary. Since no mention of such coupling and/or i t e r a t i o n  
was made in reference 6, i t  i s  believed t h a t  none is performed. Thus, it can 
be seen t h a t  equation (13) s u f f e r s  many drawbacks which make its use less 
desirable t h a n  t h e  proposed method given by equat ions (6 and 12) i n  which t h e  
devia tor ic  re la t ions  a r e  f r e e  of hydros t a t i c  terms.  

In summary, t h e  s t eps  proposed f o r  deducing e las t ic  anisotropic dev ia to r s  
in  equat ions (6 and 12) follow closely those  f o r  isotropic materials  i n  t h e  
following ways: (1) devia tor ic  s t r e s s  i s  expressible to t a l ly  in  t e rms  of 
devia tor ic  s t r a i n ,  and (2) pressure i s  expressible to t a l ly  in  t e rms  of 
d i l a t a t i o n s ,  

The differences from t h e  isotropic formulation may also be noted: (1) t h e  
ma t r lx  re la t ing  devia tor ic  s t r e s s  t o  dev ia to r i c  s t r a i n  i s  not  diagonal i n  t h e  
anisotropic case, and (2) t h e  t o t a l  volumetric d i la ta t ion  must  be modified by 
t h e  deviatorical ly induced d i la ta t ion  when calculating t h e  pressure. 

4. PLASTIC DEVIATORIC ANISOTROFY 

The an i so t rop ic  equivalent  t o  t h e  Prandtl-Reuss flow ru le  of 
p las t ic i ty  can be similarly c a s t  i n t o  a devia tor ic  form. S t r e s s  behavior of 
yielding mater ia l  i s  governed primari ly by t h e  n a t u r e  of t h e  yield sur face ,  
which defines t h e  allowable s t r e s s  s t a t e s  of t h e  material  and subsequent 
plast ic  flow proper t ies  (Appendix D). In general, only a port ion of a post- 
e l a s t i c  s t r a i n  i n c r e m e n t  ( b t j t )  c o n t r i b u t e s  t o  chang ing  t h e  
s t r e s s .  Tha t  portion is designated t h e  e las t ic  s t r a i n  increment 
(Aej). The remaining por t ion  of t h e  s t r a i n  increment  i s  designated 
t h e  p l a s t i c  s t r a i n  i n c r e m e n t  (dejP) .  T h i s  decomposi t ion of t h e  
s t r a i n  increment is governed by two rules: (1) an  inf ini tesimal  plast ic  s t r a i n  
increment vector  must be normal t o  t h e  yield su r face  a t  t h e  s t r e s s  s t a t e  under 
consideration, and (2) a s t r e s s  increment vector  tending t o  go outside of t h e  
yield su r face  can a t  most move tangent ia l ly  t o  t h e  yield su r face  a t  t h e  s t r e s s  
s t a t e  under consideration. 



F i g u r e  3 .  H y d r o s t a t i c  P r e s s u r e  Calcula t ions  Based on D i l a t a t i o n  Inc rements  
Have T h e i r  Accuracy Limlted by t h e  Size of t h e  D i l a t a t i o n  
I n c r e m e n t .  



Because of t h e  l i n e a r i t y  of t h e  equations governing t h e  conversion from 
a b s o l u t e  e l a s t i c  s t r a i n  ( e j )  t o  d e v i a t o r i c  e l a s t i c  s t r a i n  (ej ,  - - 
'e, e j ) ,  one i s  a s s u r e d  t h a t  by decomposing t h e  e l a s t i c  s t r a i n  
increment i n t o  any two a r b i t r a r y  divisions, t h e  sum of t h e  two converted 
s t r a i n  divisions equals t h e  conversion of t h e  s t r a i n  division sum. This ru l e  
becomes handy f o r  impact code implementation i f  t h e  two s t r a i n  divisions a r e  
t aken  a s  t h e  t o t a l  s t r a i n  increment and t h e  negat ive of t h e  plastic s t r a i n  
increment ( t h e  sum of which add up t o  t h e  e las t ic  s t r a i n  increment). In th i s  
way, t h e  s t r e s s  changes may be calculated on t h e  assumption t h a t  t h e  t o t a l  
s t r e s s  increment is elastic.  If i t  can t h e n  be determined t h a t  yield has  been 
violated, a f i c t i t i o u s  s t r e s s  may be calculated from t h e  plast ic  s t r a i n  
increment, and s u b t r a c t e d  from t h e  s t r e s s  s t a t e  which is in violation of yield 
t o  give t h e  t r u e  s t r e s s  s t a t e .  

To see how t h i s  is employed in ac tua l i ty ,  consider t h e  devia tor ic  
cons t i t u t ive  re la t ion ,  equation (6), in  which t h e  devia tor ic  s t r e s s  increment 
is calculated via  t h e  product of t h e  modulus and e las t ic  devia tor ic  s t r a i n  
increment. The l i nea r i ty  of t h e  devia tor ic  conversion equations implies, f o r  
plast ic  deformat ion ,  t h a t  : 

T h e  d e v i a t o r i c  t o t a l  s t r a i n  i n c r e m e n t  (Aejt)  i s  c a l c u l a t e d  
wi th  t h e  devia tor ic  conversion equations, based on t h e  t o t a l  s t r a i n  increment. 
The p l a s t i c  d e v i a t o r i c  s t r a i n  i n c r e m e n t  ( ~ e j p )  can be decomposed 
i n t o  i t s  t o t a l  p l a s t i c  (AejP) and  h y d r o s t a t i c  p l a s t i c  
( A ;  j P )  c o m p o n e n t s  r e s p e c t i v e l y .  

The t o t a l  plast ic  s t r a i n  component is necessarily normal t o  t h e  yield 
s u r f a c e ,  and is given by :  

where  f i s  t h e  equa t ion  governing t h e  yield s u r f a c e ,  and A h  i s  a 
p r o p o r t i o n a l i t y  c o n s t a n t  f o r  t h e  y i e ld  s u r f a c e  normal  ( a f / ao j ) ,  
which has been evaluated a t  t h e  s t r e s s  s t a t e  in  question. If one assumes an 
an i so t rop ic  yield condit ion l ike  ~ i l l ' s ~  in  which t h e  yield c r i t e r i o n  i s  
independent of t h e  hydros t a t i c  pressure,  t hen  t h e  yield su r face  normal may be 
e v a l u a t e d  w i t h  t h e  use  of t h e  d e v i a t o r i c  s t r e s s e s  (e.g. a f / a s j ) .  

Similarly, t h e  hydros t a t i c  plastic component r ep resen t s  t h e  t h r e e  
components of plastic devia tor ic  d i la ta t ion ,  and can be explicitly calculated 
knowing t h e  e las t ic  and plastic mater ia l  cons tants  and t h e  same 
p r o p o r t i o n a l i t y  c o n s t a n t  AX r e q u i r e d  above. 

As a side note,  t h e  usage "plastic d i la ta t ion"  would seem t o  imply t h a t  
plast ic  incompressibility does not  hold. This is however no t  t h e  case. 
Recall t h a t  equations (3,7,9 and 11) were proven valid only f o r  e las t ic  
deformations. The concept of plast ic  s t r a i n  was introduced t o  r ep resen t  t h e  
difference between t h e  e las t ic  and t o t a l  s t r a i n  components. This t e rm 
"plastic d i la ta t ion"  in f a c t  r ep resen t s  a port ion of t h e  t o t a l  d i l a t a t ion  t o  



be s u b t r a c t e d  of f  t o  yield t h e  p roper  value of e l a s t i c  d e v i a t o r i c  d i l a t a t i on .  
The p las t i c  incompress ibi l i ty  r e l a t i o n  : 

is s t i l l  assumed t o  hold t h r o u g h o u t  a l l  ca lcula t ions  der ived  here .  Thus, 
express ing t h e  p l a s t i c  d e v i a t o r i c  d i l a t a t i o n  t e r m  a s  

t h e  d e v i a t o r i c  c o n s t i t u t i v e  r e l a t i o n  may be expressed,  using equa t ions  
( 1 4 , 1 5 ,  and 17)  a s  

Notice t h a t  t h e  only t e r m  i n  t h i s  r e l a t i onsh ip  which d i f f e r s  f rom t h e  
isotropic c a s e  i s  t h e  l a s t  t e r m  i n v o l v i n g  (dZjP/dA).  T h i s  
t e r m  is zero f o r  t h e  i so t rop i c  case  because of t h e  f a c t  t h a t  t h e r e  is no 
d i l a t a t i o n  a s  a  r e s u l t  of d e v i a t o r i c  s t r e s s .  Similar ly ,  t h i s  t e r m  can n o t  
general ly  be zero f o r  t h e  an i so t rop ic  case  because equa t ion  (18) is a  
d e v i a t o r i c  s t r e s s  r e l a t i o n s h i p .  T h e  t e r m  (dZ jP /dA)  i s  
precisely t h e  magni tude r e q u i r e d  t o  f o r ce  t h e  d e v i a t o r  s t r e s s  t o  remain i n  t h e  
n plane (i.e. h a v e  no h y d r o s t a t i c  components).  The d e r i v a t i o n  of t h i s  
t e r m  (dEjP/dA) is descr ibed i n  Appendix C. 

The q u a n t i t y  AX may be eva lua ted  by t a k i n g  t h e  s c a l a r  p roduc t  of 
e q u a t i o n  (18)  w i t h  ( a f / a s i ) .  B e c a u s e  As i  i s  t a n g e n t i a l  
t o  t h e  y i e l d  s u r f a c e  a n d  ( a f / a s i )  is t h e  y i e l d  s u r f a c e  n o r m a l ,  
t h e  s c a l a r  p r o d u c t  is z e r o .  S i m i l a r l y  t h e  t e r m  (dEjP/dA) a s  
der ived  i n  Appendix C is of a  fo rm iden t ica l  t o  t h a t  r e s u l t i n g  f rom t h e  pure ly  
h y d r o s t a t i c  s t r e s s  s t a t e  descr ibed i n  equa t ion  (7). Thus, i t  is t h e  case t h a t  
t h e  q u a n t i t y  c i j (dZjP /dA)  is p a r a l l e l  w i t h  t h e  h y d r o s t a t  
v e c t o r .  I f  one assumes  a n  a n i s o t r o p i c  y ie ld  cond i t i on  l i k e  ~ i l l l s ~  i n  
which t h e  yield c r i t e r i o n  is independent  of t h e  h y d r o s t a t i c  p r e s su re ,  t h e  
s c a l a r  p r o d u c t  o  f  C ,  j ( d Z  j P / d A )  a n d  
( a f / a s i )  is  a l s o  z e r o .  T h u s  t h e  v a l u e  f o r  AA may  b e  
calcula ted a s  : 

Thi s  exp re s s ion  f o r  AX i s  of a  f o r m  i d e n t i c a l  t o  t h a t  ob ta ined  f o r  t h e  
i so t rop ic  case,  and can be used i n  equa t ion  (18) t o  ca lcu la te  t h e  e l a s t i c  
d e v i a t o r i c  s t r e s s  increment .  



Because of t h e  c u r v a t u r e  of t h e  yield s u r f a c e  and t h e  f a c t  t h a t  AA 
was calcula ted f o r  t h e  s t r e s s  s t a t e  ex i s t i ng  a t  t h e  beginning of t h e  t ime  
cycle, t h e  updated s t r e s s  s t a t e  r e s u l t i n g  f rom equa t ion  (18) may in  f a c t  s t i l l  
l i e  s l i gh t l y  ou t s ide  t h e  yield su r f ace .  What i s  done a t  t h i s  po in t  i n  bo th  
t h e  ex i s t i ng  models and t h e  proposed one is t o  scale back a l l  t h e  s t r e s s  
components uniformly u n t i l  t h e  yield s u r f a c e  is exac t l y  reached.  Though t h i s  
t echn ique  i n t roduces  some e r r o r  on i t s  own, i t  is believed t h a t  t h e  e r r o r  is 
n o t  t oo  g r e a t  since t h e  components of t h e  inc rement  of s t r e s s  scale back a r e  
n e a r l y  normal t o  t h e  yield s u r f a c e  i n  many cases. Also, ways have  been 
devised by  Vavrick and ~ o h n s o n ~  t o  decrease  t h e  magni tude of t h i s  e r r o r .  
T h e i r  t echn iques  employ subdivis ion of t h e  t ime  cycle. However, some 
an i so t rop i c  fo rmula t ions  use a  d e v i a t o r i c  s t r e s s  fo rmula t ion  i n  which e l a s t i c  
d e v i a t o r i c  s t r e s s e s  a r e  defined in  t h e  following way6 

C Ae - 3K (Ae + A €  + Ae ) ,  i - 1 , 2 , 3  
As = [ i j  j i 2  3  

i C i j  Aej , i = 4 , 5 , 6  

and  add i t iona l  e r r o r  is in t roduced  a s  a  r e s u l t .  This  occurs  because t h e  
fo rmula t ion  i n  equa t i on  (13) does n o t  g u a r a n t e e  t h a t  t h e  sum of t h e  dev i a to r i c  
s t r e s s e s  will equal  z e ro  f o r  a n  an i so t rop ic  ma t e r i a l ,  and i n  f a c t  t h e y  will 
genera l ly  n o t  do so. A s  a  r e s u l t ,  a n y  scale back of t h e  s t r e s s e s  employed t o  
meet  t h e  yield c r i t e r i o n  will include a  h y d r o s t a t i c  component. Such 
h y d r o s t a t i c  scale back v io la tes  basic r u l e s  of yield s u r f a c e  normality i n  a  
fundamental  way. Fu r the rmore ,  t echn iques  proposed by Vavr ick  and Johnson 
which decrease  t h e  e r r o r  r e s u l t i n g  f rom s t r e s s  scale-back will n o t  decrease  
t h e  amount  of h y d r o s t a t i c  s t r e s s  e r r o r  in t roduced  i n t o  t h e  calcula t ion a s  t h e  
r e s u l t  of using a  fo rmula t ion  l ike  t h a t  of equa t ion  (13). 

5 .  CONCLUSIONS 

An a n i s o t r o p i c  fo rmula t ion  h a s  been proposed which s a t i s f i e s  t h e  
condi t ion of reducing t o  Hooke's Law/Frandt l  Reuss Flow Rule when employing 
t h e  c o n s t r a i n t  of c o n s t a n t  compress ibi l i ty  and i so t ropy ,  b u t  which 
convenient ly  allows f o r  an i so t rop ic  m a t e r i a l  p rope r t i e s  and va r i ab l e  
c o m p r e s s i b i l i t y .  

The dev i a to r i c  s t r e s s  t echn ique  which h a s  been used r o u t i n e l y  i n  t h e  
i so t rop i c  impact codes f o r  descr ibing i so t rop i c  behav ior  ha s  been e f f ec t i ve ly  
combined w i t h  t h e  an i so t rop i c  c o n s t i t u t i v e  r e l a t i o n s  t o  produce a  t r u l y  
d e v i a t o r i c  an i so t rop ic  c o n s t i t u t i v e  r e l a t i on .  In t h i s  d e v i a t o r i c  fo rmula t ion ,  
d e v i a t o r i c  s t r e s s  is expressed only i n  t e r m s  of d e v i a t o r i c  s t r a i n ,  and 
compress ibi l i ty  does n o t  inf luence t h e  dev i a to r i c  r e l a t i on .  

Ex is t ing  fo rmula t ions  s u f f e r  f rom drawbacks which have  been e l iminated i n  
t h e  p r e s e n t  formulat ion.  Some of t h e  drawbacks of previous  fo rmula t ions  may 
be enumera ted  a s  follows: (1) working w i t h  abso lu te  s t r e s s  and s t r a i n  o f f e r s  
no simple way t o  per form calculat ions  involving va r i ab l e  compress ibi l i ty ,  (2) 
ca lcu la t ing  h y d r o s t a t i c  p r e s su re  inc rements  ( ins tead  of complete h y d r o s t a t i c  
p r e s su re )  can i n t roduce  e r r o r  associa ted w i t h  ob ta in ing  and  averag ing  t h e  
t a n g e n t  bulk modulus ove r  a  s t r a i n  inc rement  ( t h i s  problem compounded by t h e  
f a c t  t h a t  Hugoniot d a t a  i s  usual ly  g a t h e r e d  in  t h e  form p re s su re  v e r s u s  
d i l a t a t i o n ,  t h e  slope of which is t h e  t a n g e n t  bulk modulus), and (3) use  of a  



wdevia to r ic ' t  s t r e s s  which includes  a h y d r o s t a t i c  component will produce e r r o r  
i n  t h e  p r e s s u r e  ca lcu la t ion  i f  s t r e s s e s  a r e  scaled back t o  s a t i s f y  t h e  yield 
c o n d i t i o n ,  

Addi t ional ly ,  t h e  f o r m u l a t i o n  can be  simply coded i n t o  e x i s t i n g  impact  
codes w.hich p r e s e n t l y  use  t h e  d e v i a t o r i c  s t r e s s  t echn ique  f o r  i s o t r o p i c  
mate r ia l s .  Final ly ,  i t  is hoped t h a t  t h e  f o r m u l a t i o n  p rov ides  a n  enhanced 
physical  i n t e r p r e t a t i o n  on t h e  behav ior  of a n i s o t r o p i c  m a t e r i a l s .  
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APPENDIX A 

SKELETON FORTRAN CODING OF THE DEVIATORIC TRANSVERSELY 
ISOTROPIC ELASTIC PLASTIC CONSTITUTIVE RELATION 



In most explicit  impact codes, s t r e s s  is generally computed f o r  a region 
of t h e  mesh by providing a subroutine wi th  t h e  s t r a i n  r a t e s  in  t h a t  region of 
t h e  mesh, t h e  s t r e s ses  in  t h a t  region of t h e  mesh a t  a previous time, and a 
t imestep over which t h e  s t r a i n  r a t e s  act .  Though each code's cons t i tu t ive  
relat ion rout ine  use t h e i r  own unique notat ions,  t h e y  all  generally: (I) 
conver t  t h e  s t r a i n  r a t e s  in to  devia tor ic  s t r a i n  r a t e s ,  (2) calculate 
devia tor ic  s t r e s s  increments based on t h e  devia tor  s t r a i n  r a t e s  and timestep, 
and increment t h e  previous s t r e s s  s t a t e  by t h i s  increment,  (3) check 
devia tor ic  s t r e s s  s t a t e  f o r  material  yielding, (4) modify t h e  deviatoric  
s t r e s s  s t a t e  t o  account f o r  plastic flow if  necessary, and (5) calculate 
pressure  based on t h e  volumetric s t r a i n ,  and time increment,  generally using a 
non-linear equation of s t a t e .  

The coding requi red  t o  modify isotropic cons t i tu t ive  subroutines is 
provided below, wi th  all variables defined, wi th  hopefully enough additional 
comments t o  c lar i fy  where in t h e  old subrout ine  t h e  new coding should be 
subs t i tu t ed .  The variable notat ions used generally conform t o  those used i n  

2 t h e  EPIC code . 



SUBROUTINE ASTRES (REQUIRED ARGUMENTS) 
C 

c A n i s o t r o p l c  stress i n c r e m e n t  f o r m u l a t i o n :  
C 

c REVISED F e b r u a r y - J u n e  1985: D e v i a t o r  Aniso t ropy  
C 

REAL LAMBDA 
INCLUDE 8commons.file' 

COMMON /ELAST/ SIGK, EPSK 
COMMON /YIELD/EPSBAR(l600),BN(3,3),BS(3),CN(3,3),CS(3),MODFLA 
DIMENSION STR(6), DFDS(6), GI(6), DE(6), DSIG(6), SIG(6), RSG(6), 

& DEDL(6) 
LAMBDA = 0. 

C 

c G e n e r a t e  r e q u i r e d  a n i s o t r o p i c  p a r a m e t e r s  i f  t h e y  haven ' t  been g e n e r a t e d  
c a l r e a d y .  
L 

IF (MODFLA .EQ. 0) CALL AGEN 
C 

c Calcula te  a n l s o t r o p l c  d e v i a t o r  s t r a l n s  based on t o t a l  s t r a i n s  
C 

CALL DEPS (I, ERDOT, EZDOT, ETDOT, EZTDOT, ERTDOT, ERZDOT, 
& DE, DEPSB) 

C 

c Compute r o t a t i o n  a n d  change i n  normal stresses because of r o t a t l o n  
C 

SPDT SPINRZ*DTl 
DSTRN = 2.*SPDT*SRZ(I) 

C 

c O b t a i n  d e v l a t o r  s t r e s s e s  
C 

SBAR = (SR(1) + SZ(1) + ST(1)) / 3. 
SRl = SR(1) - SBAR 
SZ1 = SZ(1) - SBAR 
ST1 = ST(1) - SBAR 
SZTI = SZT(1) 
SRTI = SRT(1) 
SRZI = SRZ(1) 

C 

c S t r e n g t h  v a r i a b l e  SEFF is c o n s t a n t  f o r  my f o r m u l a t i o n  
C 

SEFF = FU(M) 
L 

c Transform s t r e s s  t o  LTT f r a m e  
C 

CALL THETA (I, TH) 
CALL XFORM (SRl ,SZl ,ST1 ,SZTl ,SRTl ,SRZl, 

& SIG(l),SIG(2),SIG(3),SIG(4),SIG(5),SIG(6),TH) 
L 

c Calcula te  s t r e s s  i n c r e m e n t  due  t o  e lement  r o t a t i o n  ( r s g )  i n  LTT f r a m e  
C 

CALL XFORM (-DSTRN, DSTRN, O., O., O., (SR(1)-SZ(I))*SPDT, 
& RSG(l),RSG(2),RSG(3),RSG(4),RSG(5),RSG(6),TH) 



C 

c C a l c u l a t e  t r i a l  stress i n c r e m e n t  (ds ig)  d u e  t o  s t r a i n  c h a n g e s  (de)  
c i n  LTT f r a m e  
C 

CALL CXE (DE, DSIG) 
C 

c Lump t o g e t h e r  s t r a i n  induced  stress (ds ig)  a n d  r o t a t i o n  induced  
c s tress ( r s g )  
L; 

DO 31 K = 1, 6 
31 DSIG(K) = DSIG(K) + RSG(K) 

C 
c C a l c u l a t e  t r i a l  stress s t a t e  
C 

DO 33 K = 1, 6 
STR(K) = SIG(K) + DSIG(K) 

33 CONTINUE 
C 

c T e s t  f o r  y i e ld ing  
C 

TERM1 0. 
TERM2 = 0. 
DO 35 K = 1, 3 
DO 3 4  L = 1, 3 

3 4  TERM1 - TERM1 + BN(K,L) w STR(K) * STR(L) 
35 TERM2 = TERM2 + BS(K) w STR(K+3)#*2 

VMISES SQRT(TERM1/2. + 3.rTERM2) 
IF(VMISES.LE.SEFF) THEN 

C 

c S t r e s s  is e l a s t i c .  T r a n s f o r m  stress back t o  RZT f r a m e  ... 
C 

SEFF = VMISES 
ICHECK(1) = 0 
DEPSBP = 0. 
CALL XFORM (STR(I),STR(2),STR(3),STR(4),STR(5),STR(6), 

& SR2 ,SZ2 ,ST2 ,SZT2 ,SRT2 ,SRZ2,-TH) 
GO TO 310 

END I F  
C 

c Yield h a s  occured:  D e t e r m i n e  ALF, t h e  f r a c t i o n  of s t r a i n  
c t h a t  is pre-y ie ld .  
C 

I F  (ICHECK(1) .EQ. 1) THEN 
C 
c D e f o r m a t i o n  a l r e a d y  p l a s t i c  ... e l a s t i c  f r a c t i o n  ( a l f )  = 0. 
L; 

ALF = 0. 
ELSE 

C 
c e l s e  m u s t  d e t e r m i n e  e l a s t i c  f r a c t i o n  ( a l f )  (see V a v r i c k ,  J o h n s o n )  
C 

ICHECK(1) = 1 
TERM1 = 0. 
TERM2 = 0. 



TERM3 = 0. 
TERM4 = 0. 
TERM5 = 0. 
TERM6 = 0. 
DO 41 K = 1, 3 
DO 4 0  L K, 3 
I F  (K .EQ. L) GOT0 4 0  
TERM1 = TERM1 - BN(K,L) r (DSIG(K)-DSIG(L))rw2 
TERM3 - TERM3 - BN(K,L) r (DSIG(K)-DSIG(L))w(SIG(K)-SIG(L)) 
TERM5 = TERM5 - BN(K,L) w (SIG(K)-SIG(L))rr2 

. 4 0  CONTINUE 
TERM2 = TERM2 + BS(K) fi DSIG(K+3)**2 
TERM4 = TERM4 + BS(K) r DSIG(K+3)rSIG(K+3) 
TERM6 = TERM6 + BS(K) w SIG(K+3)rw2 

41 CONTINUE 
AAA TERMl/2. + 3.rTERM2 
BBB = TERM3 + 6.rTERM4 
CCC = TERM5/2. + 3.wTERM6 - SEFFrr2 
ALF = (-BBB + SQRT(BBBrr2 - 4.wAAArCCC)) / (2. * AAA) 

END I F  
C 

c Ca lcu la te  t r a n s i t i o n  s t r e s s  (str)  a n d  p o s t  e l a s t i c  s t r a i n  i n c r e m e n t  (d 
C 

DO 51 K = 1, 6 
STR(K) = SIG(K) + ALFrDSIG(K1 

51 DE(K) = (1. - ALF) @ DE(K) 
C 

c Of t h i s  p o s t - e l a s t i c  s t r a i n  i n c r e m e n t ,  only  t h a t  p o r t i o n  normal  
c t o  t h e  yield s u r f a c e  is p las t i c .  E q u a t i o n  is 
C 

c d e l t a  (eps i lon  p l a s t i c )  = lambda r (d f /d ( s igma) )  
C 

c w h e r e  f = c o n s t a n t  f u n c t i o n a l l y  d e f i n e s  t h e  yield s u r f a c e  
C 

CALL DFDSIG(STR, SEFF, DFDS) 
C 

c G e n e r a t e  C i j  (df/d(sigma)j)  v e c t o r  ( o t h e r w i s e  known as G i )  
C 

CALL CXE(DFDS, GI) 
C 

c G e n e r a t e  ' t h e  de/dlambda v e c t o r  (based on t h e  t r a n s i t i o n  s t ress  s t r)  
C 

SFACTR = STR(1) / SEFF 
ETERM = -1.5 r (SIGK-I.) / (2.+SIGKrEPSK) r BN(I,E) r SFACTR 
DEDL(1) = ETERM r EPSK 
DEDL(2) = ETERM 
DEDL(3) = ETERM 
DEDL(4) = 0. 
DEDL(5) = 0. 
DEDL(6) = 0. 

C 

c C a l c u l a t e  lambda (happens  t o  equa l  t h e  e q u i v a l e n t  p l a s t i c  s t r a i n )  
C 

TERM1 0. 



TERM2 = 0. 
DO 5 4  K = 1, 6 
TERM1 = TERM1 + GI(K) r  DE(K) 

5 4  TERM2 = TERM2 + GI(K) r  DFDS(K) 
LAMBDA = TERM1 / TERM2 

C 

c Ca lcu la te  e lement  d i l i t a t i o n  r e s u l t i n g  f r o m  p l a s t i c  d e v i a t o r  i n c r e m e n t  
C 

DEPSBP = -ETERM r (2. + EPSK) r  LAMBDA 
C 

c Since  [lambda r  (df/do)]  is t h e  p l a s t i c  s t r a i n  v e c t o r ,  t h e  
c e l a s t i c  p a r t  of t h e  p o s t  e l a s t i c  d e v i a t o r  s t r a i n  v e c t o r  (LHS) is : 
c [ p o s t  e l a s t i c  s t r a i n  v e c t o r  (RHS)] - [lambda r  f(df/do)-(de/dlambda)lJ 
C 

DO 56 K = 1, 6 
56 DE(K) = DE(K) - LAMBDA * (DFDS(K) - DEDL(K)) 

C 

c  Mul t ip ly  t h i s  e l a s t i c  p a r t  of t h e  p o s t  e l a s t i c  s t r a i n  i n c r e m e n t  (de) 
c by  t h e  modulus t o  f i n d  t h e  change i n  stress a f t e r  y ie ld ing (dsig) 
C 

CALL CXE (DE, DSIG) 
C 

c  Add t h i s  a c t u a l  stress change (dsig) t o  t h e  t r a n s i t i o n  stress (str)  i n  
c o r d e r  t o  o b t a i n  t h e  u p d a t e d  stress (sig) 
C 

DO 58 K = 1, 6 
58  SIG(K) = STR(K) + DSIG(K) 

C 

c  Because of t h e  l i n e a r  i n t e r p o l a t i o n  along t h e  c u r v e d  yield s u r f a c e ,  
c  a c o r r e c t i o n  m u s t  be made t o  t h e  stress t o  place t h e  s t r e s s  back o n t o  
c t h e  yield s u r f a c e  
C 

TERM1 = 0. 
TERM2 = 0. 
DO 60 K = 1, 3 
DO 59 L = 1, 3 

59 TERM1 = TERM1 + BN(K,L) r  SIG(K) r  SIG(L) 
60 TERM2 = TERM2 + BS(K) r  SIG(K+3)rw2 

VMISES = SQRT(TERM1/2. + 3.rTERM2) 
C 

c  C o r r e c t  s t r e s s  (s ig)  t o  place i t  back on t h e  yield s u r f a c e  
C 

DO 6 4  K = 1, 6 
6 4  SIG(K) = SIG(K) r  SEFF/VMISES 

C 

c Transform stress back t o  RZT f r a m e  
C 

CALL XFORM (SIG(I),SIG(2),SIG(3),SIG(4),SIG(5),SIG(6), 
& SR2 ,SZ2 ,ST2 ,SZT2 ,SRT2 ,SRZZ,-TH) 

C 

c  EFFECTIVE PLASTIC STRAIN 
C 

EBAR(1) = EBAR(1) + LAMBDA 
C 



c Upda te  d i l i t a t i o n  f r o m  d e v i a t o r  e l a s t i c  and  p l a s t i c  ca lcu la t ions  
C 

310 EPSBAR(1) = EPSBAR(1) + (DEPSB - DEPSBP) 
C 

c modify d i l i t a t i o n  t o  a c c o u n t  f o r  d e v i a t o r  s t r e s s e s  ( f o r  p r e s s u r e  
c c a l c u l a t i o n )  
C 

U = U + EPSBAR(1) 
L; 

c dW = o d e  - - 
C - - o d e  + 6 d e  + s d z  + s e  
C 
c The f i r s t  t w o  terms end u p  i n  e n e r g y  e q u a t i o n  as p dV. '  Second t w o  
c terms a p p e a r  below as sde. 
C 

SRBAR = (SRI + SR2) 
SZBAR = (SZ1 + SZ2) 
STBAR = (ST1 + ST2) 
SZTBAR = (SZTl + SZT2) 
SRTBAR = (SRTl + SRT2) 
SRZBAR = (SRZl + SRZ2) 
FDVMT=DVDOTrDT1/2. 
EDEV =.5 r (SRBARrERDOT + SZBARwEZDOT + STBARwETDOT 

& + SZTBARrEZTDOT + SRTBARrERTDOT + SRZBARrERZDOT) 
& n (DVOLI - FDVMT +I.)rDTI 

C 

c PLASTIC WORK FOR SYSTEM 
C 

IF(ICHECK(I).GT.O) THEN 
PLAST = PLAST + (SEFF r LAMBDA)rVOL(I) 

END I F  
C 

c Calcula te  sound speed f o r  e v e n t u a l  u s e  i n  t i m e s t e p  ca lcu la t ion  
C 

C 

c INTERNAL ENERGY & PRESSURE (use  c o r r e c t e d  d i l i t a t i o n  f o r  p r e s s u r e )  
C 

C 

c NET STRESSES 
C 

440 SR(1) = SR2 - PRES - Q 
SZ(1) = SZ2 - PRES - Q 
ST(1) = ST2 - PRES - Q 
SRZ(1) = SRZ2 
SRT(1) = SRT2 
SZT(1) = SZT2 
RETURN 
END 



C*********************************************************************** 
SUBROUTINE DEPS (I, ERDOT, EZDOT, ETDOT, EZTDOT, ERTDOT, ERZDOT, 

% DE, DEPSBT) 
C 

c Ca lcu la t e s  t h e  a n i s o t r o p i c  d e v i a t o r  s t r a i n  i n c r e m e n t  
C 

COMMON /ELASTI SIGK, EPSK 
INCLUDE 'commons.file '  
DIMENSION DE(6) 

C 

c Def ine  6x1 t e n s o r i a l  t o t a l  s t r a i n  i n c r e m e n t  v e c t o r  ( i n  RZT f r a m e )  
C 

10 DER = ERDOT *DTi 
DEZ = EZDOT *DT1 
DET = ETDOT *DT1 
DEZT = EZTDOT wDT1 / 2. 
DERT = ERTDOT *DTi / 2. 
DERZ ERZDOT *DT1 / 2. 

C 
c T rans fo rm s t r a i n  i n c r e m e n t  v e c t o r  t o  LTT f r a m e  
C 

CALL THETA (I, TH) 
CALL XFORM(DER ,DEZ ,DET ,DEZT ,DERT ,DERZ, 

81 DE(1),DE(2),DE(3),DE(4),DE(5),DE(6),TH) 
C 

c T r a n s f o r m  i n t o  d e v i a t o r  s t r a i n s ,  d e t e r m i n e  d e p s b t  ( d i l i t a t i o n  caused b 
c t o t a l  d e v i a t o r  s t r a i n s ,  l a t e r  t o  b e  modlfied by  p l a s t i c  d e v i a t o r i c  
c d i l i t a t i o n )  
C 

TERM = (SIGK - 1.) / (2. + SIGK*EPSK) 
DESUM = DE(1) + DE(2) + DE(3) 
DEPSBT = TERM * (EPSK * DESUM - (2.+EPSK) * DE(1)) 
EPST = (DESUM - DEPSBT) / (2. + EPSK) 
EPSL = EPSK * EPST 
DE(1) = DE(1) - EPSL 
DE(2) = DE(2) - EPST 
DE(3) = DE(3) - EPST 
RETURN 
END 

C * * * * * * * * * W * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

SUBROUTINE THETA (I, TH) 
C 

c C a l c u l a t e  o r i e n t a t i o n  of e lement  b y  a n y  a p p r o p r i a t e  means  

RETURN 
END 

C * * * * * * * * * * * * * * * f f * * * f * * * * * * * * * * * * * * * * * * * W * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

SUBROUTINE CXE (EE, SS) 
C 
c Mul t ip l i e s  on a x i s  modulus b y  v e c t o r  EE t o  o b t a i n  v e c t o r  SS 
C 



COMMON /YIELD/ EPSBAR(1600),BN(3,3),BS(3),CN(3,3),CS(3),MODFLA 
DIMENSION EE(6), SS(6) 
DO 20 I = 1, 3 

SS(1) = 0. 
DO 10 J = 1, 3 

10 SS(1) = SS(1) + CN(1,J) * E E ( J )  
20  SS(I+3) = CS(1) n EE(I+3)  

RETURN 
END 

C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

SUBROUTINE AGEN 
C 

c C a l c u l a t e  t h e  on-axis  modulus m a t r i x  a n d  y ie ld  p a r a m e t e r s  once on ly  
C 

COMMON /ELAST/ SIGK, EPSK 
COMMON /ORIENT/ ANGLE, TPARAM(1600) 
COMMON /YIELD/ EPSBAR(1600),BN(3,3),BS(3),CN(3,3),CS(3),MODFLA 
COMMON/LUS/LUI,LUP,LUT,LUPR,LUST,LUFAST 
DATA LUA /13/ 

C 

OPEN (LUA, F ILE= 'amat l .da t ' ,  STATUS=lold') 
REWIND (LUA) 
MODFLA = 1 
WRITE (LUP, 505) 

505 FORMAT (// ' Calcu la t ing  A n i s o t r o p i c  Modulus1//) 
C 

c E n g i n e e r i n g  C o n s t a n t s :  ( f o r  t r a n s . - i s o t r o p i c  m a t e r i a l )  
C 

c Long i tud ina l  Young's Modulus 
READ (LUA, *) EL 

c T r a n s v e r s e  Young's Modulus 
READ (LUA, *) ET 

c S h e a r  Modulus i n  L o n g i t u d i n a l - T r a n s v e r s e  Plane  
READ (LUA, *) GLT 

c S h e a r  modulus i n  t r a n s v e r s e  ( i s o t r o p i c )  p lane  
READ (LUA, *) GTT 

c BulK Modulus: 
READ (LUA, *) FK 

c L e f t  t o  ca l cu la t e :  i s o t r o p i c ,  LT, a n d  TL Poisson R a t i o s  
VTT = ET/(2.*GTT) - 1. 
VLT = .25 + (1.-VTT)*EL/(2.*ET) - EL/(4.*FK) 
VTL = VLT * (ET/EL) 

C 

c Modulus M a t r i x  ( t r a n s v e r s e l y  i so t rop ic ) :  
C 

DEL = (1 - 2nVLTrVTL - VTTrr2 - 2*VLT*VTL*VTT) / (EL * ET**2) 
CL = (1 - VTTrn2 ) / (ETrr2 * DEL) 
CT = (I - VTL*VLT) / (EL * ET * DEL) 
CLT = (VLT + VTTrVLT) / (EL * ET * DEL) 
CTT = (VTT + VLT*VTL) / (EL * ET * DEL) 
CG = GLT 

C 

SL = 1. / EL 
ST = 1. / ET 



SLT = -VLT / EL 
STT = -VTT / ET 
SG = 1. / (2. * GLT) 
SGI = ST - STT 

C: 

c Ca lcu la t e  Keps a n d  Ksig ( v a r i a b l e s  EPSK a n d  SIGK r e s p e c t i v e l y )  
C 

EPSK = (SL + 2.rSLT) / (ST + SLT + STT) 
SIGK = (CL + 2.wCLT) / (CT + CLT + CTT) 

C 

CN(1,l) = CL 
CN(1,2) = CLT 
CN(1,3) = CLT 
CN(2,2) = CT 
CN(2,3) = CTT 
CN(3,3) = CT 
CS(1) = (CT - CTT) 
CS(2) = 2. w CG 
CS(3) = 2. w CG 
CN(2,l) CN(1,2) 
CN(3,2) CN(2,3) 
CN(3,l) CN(1,3) 
WRITE (LUF, r )  'Compliance Mat r ix : '  
WRITE (LUP, 10) SL, S L T ,  S L T  
WRITE (LUP, 10) SLT, ST, STT 
WRITE (LUP,  10)  SLT,  STT,  S T  
WRITE (LUP, 10) SGI, SG, SG 
WRITE (LUP, 11) 
WRlTE (LUP, r )  'Modulus M a t r i x :  ' 
WRITE (LUP, 10) CN(11)  CN(1,2), CN(1,3) 
WRITE (LUP, 10) CN(2,1), CN(2,2), CN(2,3) 
WRITE (LUP, 10) CN(3,1), CN(3,2), CN(3,3) 
WRITE (LUF, 10) CS(l),  CS(2), CS(3) 

10 FORMAT (3(E15.7,4X)) 
C 

c Read O r i e n t a t i o n  of a n i s o t r o p y  
C 

READ (LUA, r )  ANGLE 
C 

c C a l c u l a t e  Yie ld  p a r a m e t e r s  ( b n ( i , j )  , bs ( i ) )  ( t r a n s v e r s e l y  i s o t r o p i c )  
C 

c L o n g i t u d i n a l  S t r e n g t h  
READ (LUA, r )  SIGL 

c T r a n s v e r s e  S t r e n g t h  
READ (LUA, r )  SIGT 

c LT S h e a r  S t r e n g t h  
READ (LUA, w )  SIGLT 

C 

SEFF = SIGT 
BN(1,l) = 2. +I SEFF**2 / SIGL**2 
BN(2,2) = 2. n SEFFnn2 / SIGTwn2 
BN(3,3) = BN(2,2) 

C 
BN(1,2) = -(+BN(I, l)  + BN(2,2) - BN(3,3)) / 2. 



BN(1,3) -(+BN(I,I) - BN(2,2) + BN(3,3)) / 2. 
BN(2,3) = - - B N ( 1 1  + BN(2,2) + BN(3,3)) / 2. 
BN(2,l) = BN(1,2) 
BN(3,l) BN(1,3) 
BN(3,2) = BN(2,3) 

C 
FACTOR = SIGL / SIGT 
TAU2 = SIGTwr2 / (4. - (I./FACTORwr2)) 
BS(1) = SEFFwr2 / (3. n TAU2) 
BS(2) = SEFFrw2 / (3, r SIGLTrr2) 
BS(3) = BS(2) 
WRITE (LUP, 11) 
WRITE (LUP, r )  ' S t r e n g t h  Matr ix : '  
WRITE (LUP, 10) B N ( 1 1  BN(1,2), BN(1,3) 
WRITE (LUP, 10) BN(2,1), BN(2,2), BN(2,3) 
WRITE (LUP, 10) BN(3,1), BN(3,2), BN(3,3) 
WRITE (LUP, 10) BS(I), BS(2), BS(3) 
WRITE (LUP, 11) 

11 FORMAT (/) 
RETURN 
END 

C Y * # r r r * * r r r * * r r * * r r r r r * * r r * r * r r r * * * r * * * r r * * r * r r r * * r r * * r * * r r r r r r * * r r * r r r  
SUBROUTINE XFORM (U1,U2,U3,U4,U5,U6,PllP2,P31P41P5,P6,TH) 

C 

c T r a n s f o r m s  s t r e s s e s  and  s t r a i n s :  
c u i  : stress o r  s t r a i n  p r i o r  t o  t r a n s f o r m a t i o n  (unpr imed f r a m e )  
c p i  : stress o r  s t r a i n  a f t e r  t r a n s f o r m a t i o n  (primed f r a m e )  
c t h  : CCW ang le  of t r a n s f o r m a t i o n  ( in  RZ f r a m e )  
C 

COMMON/LUS/LUI,LUP,LUT,LUPR,LUST,LUFAST 
C 

REAL M, N, M2, N2, MN 
C 

M DCOS(TH) 
N = DSIN(TH) 
M2 Mrr2 
N2 = Nwr2 
MN = MwN 

C 

c All t r a n s f o r m a t i o n s  a r e  t e n s o r i a l ,  s o  stress a n d  s t r a i n  a r e  t h e  same 
C 

P i  = M2rU1 + N2rU2 + (2.rMN)wU6 
P2 = N2rU1 + M2rU2 - (2.rMN)rU6 
P3 = u 3  
P4 = MrU4 - NwU5 
P5  - NrU4 + MrU5 
P6 = -(MN)wUl + (MN)rU2 + (M2-N2)rU6 

C 

RETURN 
END 

C r * r r W * r r * * r * ~ r * W * r r * Y r r W * r r * r r * * r r * ~ r r * r * * * r * * * r r * * * r r r r * * r * * r r r * r r * r r *  
SUBROUTINE DFDSIG (S, SEFF, DFDS) 

C 

c Ca lcu la te s  df /d(s igma)  f o r  e l ement  i n  q u e s t i o n  



C 

COMMON /YIELD/ EPSBAR(l600),BN(3,3),BS(3),CN(3,3),CS(3),MODFLA 
DIMENSION S(6), DFDS(6) 

C 

TWOS = 2.wSEFF 
DFDS(1) (-BN(l ,2)*(S(l)-S(2))  - BN(l ,3)*(S( l ) -S(3) ) )  / TWOS 
DFDS(2) = ( BN(l ,2)*(S(l)-S(2))  - BN(2,3)*(S(2)-S(3))) / TWOS 
DFDS(3) = ( BN(1,3)*(S(l)-S(3)) + BN(2,3)*(S(2)-S(3))) / TWOS 
DFDS(4) = 3,*BS(l)*S(4) / TWOS 
DFDS(5) = 3.*BS(2)*S(5) / TWOS 
DFDS(6) = 3.*BS(3)*S(6) / TWOS 
RETURN 
END 

c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * - * * * * *  



APPENDIX B 

THE EFFECT OF MATERIAL FRAME ON AMSOTROPIC COMPUTATIONS 



Mate r i a l  f r a m e  is n o t  a cons idera t ion  i n  i so t rop i c  codes, because t h e  
c o n s t i t u t i v e  r e l a t i o n  is iden t ica l  i n  a l l  r e f e r e n c e  f rames .  A s  such, doing 
t h e  calcula t ions  i n  t h e  l a b o r a t o r y  f r a m e  of r e f e r ence  is t h e  logical choice. 
However, when an i so t ropy  is involved, t h e  m a t e r i a l  p r o p e r t i e s  a r e  d i f f e r e n t  i n  
d i f f e r e n t  r e f e r ence  f rames.  Fo r  r e g u l a r  t y p e s  of an i so t ropy  (e.g. t r a n s v e r s e  
i so t ropy ,  o r t h o t r o p y ,  etc.), t h e r e  a r e  p r e f e r r e d  d i r ec t i ons  i n  which t h e  
m a t e r i a l s  c o n s t i t u t i v e  r e l a t i o n s  r educe  t o  t h e i r  most simple forms. In 
general ,  t h i s  m a t e r i a l  f r a m e  does n o t  coincide w i t h  t h e  l a b o r a t o r y  f r a m e  of 
re fe rence .  Unfo r tuna t e ly ,  i t  is usual ly  t h e  l a b o r a t o r y  f r a m e  i n  which sys tem 
p r o p e r t i e s  ( s t r e s s ,  s t r a i n ,  etc.) a r e  described. Two approaches  may t h u s  be 
t a k e n  t o  implement an i so t ropy  i n t o  t h e  codes: I) t r a n s f o r m  l a b o r a t o r y  s t r e s s  
and  s t r a i n  i n t o  t h e  m a t e r i a l  f rame,  per form c o n s t i t u t i v e  computat ions  i n  t h e  
m a t e r i a l  f rame,  and t r a n s f o r m  t h e  r e s u l t i n g  s t r e s s e s  and s t r a i n s  back i n t o  t h e  
l a b o r a t o r y  f rame,  o r  2) t r a n s f o r m  t h e  simple ma t e r i a l  f r a m e  c o n s t i t u t i v e  
r e l a t i o n s  i n t o  t h e  l a b o r a t o r y  f r a m e  of re fe rence ,  and per form calculat ions  
w i t h  t h e s e  new l a b o r a t o r y  f r a m e  c o n s t i t u t i v e  r e l a t i ons .  

The following is a comparison of t h e  p e r t i n e n t  r e l a t i o n s  a s  t h e y  would 
appear  i n  bo th  t h e  m a t e r i a l  and l a b o r a t o r y  f r a m e  coo rd ina t e  systems. In Table 
B-I, primed va lues  of s t r e s s  and s t r a i n  denote  values  i n  t h e  l a b o r a t o r y  f rame,  
while unprimed va lues  deno t e  t h e  m a t e r i a l  f r a m e  values.  The r e l a t i onsh ip  
between m a t e r i a l  and  l a b o r a t o r y  f r a m e  s t r e s s  and s t r a i n  is 

w h e r e  T i j  is t h e  a p p r o p r i a t e  t r a n s f o r m a t i o n  m a t r i x  be tween  l a b o r a t o r y  
and m a t e r l a l  coord ina te  systems.  Note  t h a t  because t h e  c o n t r a c t e d  s t r e s s  and 
s t r a i n  n o t a t i o n s  a r e  being used, t h e  t r a n s f o r m a t i o n  m a t r i x  Tij is n o t  
symmet r ic .  

Table B-1 shows t h e  n a t u r e  of t h e  calcula t ions  when done i n  bo th  t h e  
l a b o r a t o r y  and m a t e r i a l  r e f e r ence  f rames.  In t h e  Table B-1, t h e  s u b s t i t u t i o n :  

h a s  been made f o r  s impl ic i ty  of t r a n s f o r m a t i o n ,  where  f is t h e  func t i on  
d e f i n i n g  t h e  yie ld  s u r f a c e  a n d  a f / a a i  is t h e  v e c t o r  n o r m a l  t o  
t h e  yield s u r f a c e  i n  t h e  ma t e r i a l  r e f e r e n c e  f rame.  Table B-2 con ta ins  t h e  
genera l  fo rm of t h e  t e r m s  contained i n  Table B-I. Fo r  calcula t ions  done i n  
t h e  m a t e r i a l  f rame,  t h e r e  is a c o n s t a n t  "overhead" pena l ty  of making t h e  
i n i t i a l  s t r e s s  and s t r a i n  t r an s fo rma t ions ,  which does n o t  e x i s t  i n  t h e  
l a b o r a t o r y  f r a m e  scenerio.  However, it can be seen f rom Table B-I t h a t  i n  t h e  
l a b o r a t o r y  f r a m e  t h e r e  is pena l ty  of t r a n s f o r m a t i o n  f o r  e v e r y  calcula t ion 
done. 

Thus,  i f  a n y t h i n g  b u t  t h e  most t r i v i a l  of ca lcu la t ions  a r e  r equ i r ed ,  t h e n  
it computat ional ly  pays  t o  f i r s t  t r a n s f o r m  s t r e s s  and s t r a i n  t o  t h e  m a t e r i a l  
f rame,  perform t h e  calcula t ions  t h e r e ,  and t r a n s f o r m  back a t  t h e  conclusion of 
t h e  computations.  



Table  B-I. Comparison of Governing Equat ions  i n  t h e  
M a t e r i a l  and Labora to ry  Coord ina te  Frames 

M a t e r i a l  Frame 

Transf o m t  ion t o  (a1 = [ T I I a J 1  
Desired Frame 

I E I  = [ T I ~ E ' I  

Labora to ry  Frame 

WA 

WA 

E l a s t i c  C o n s t i t u t i v e  fa1 = [C] (E]  f a ' ]  = [ T I - ~ C C ~ C T I ~ E ' I  
Equation 

Yie ld  Equat ion f 2  = fa1Tr91 (01 f 2  = ( U ' l T ~ ~ l T ~ ~ ~  [ T I I o J 1  

P l a s t i c  S t r a i n  (A€p1 = AA [q] f a1 fAeJpl  = AA[T]-I[q] [TI ( a ' ]  

( 0 l T ~ 9 l T [ ~ 1  ( ~ € 1  (0' l T [ ~ l T [ ~ l T ~ ~ 1  [TI (Ael 1 
P l a s t i c  S t r a i n  AA - AA = 
Parameter ( G I ~ [ Q I ~ C C I  CQI (01 f 0' I ~ C T I ~ C Q I ~ C C ~  [QI [TI (0' 

Transformat ion t o  ( 0 ' 1  = [ T ] - ~ ( O )  
O r i g i n a l  Frame 

where: 

[ 3 deno tes  a 6x6 mat r ix ,  
I ) denotes  a  6x1 vec to r ,  
t h e  s u p e r s c r i p t  -1 deno tes  a  m a t r i x  inverse ,  
t h e  s u p e r s c r i p t  T deno tes  a  m a t r i x  t r anspose ,  and 
t h e  v e c t o r s  and m a t r i c e s  used i n  t h i s  t a b l e  a r e  d e f i n e d  i n  Tab le  B-2. 



Table B-2. General Forms of Pertinent Orthotropic Terms 

B B B  0 0 ( 11 12 13 

Constitutive Matrix [C] = 

0 0 
Yield Normal Matrix [cpl 1/12 13 23 33 

O 1 

C C C 0 0 0 
13 23 33 

0 0 O C  0 0 
44 

where: 
Biz = (-Bii - B22 + B33) / 2 
Bi3 = (-Bii + B22 - B33) / 2 
B23 = ( Bii - B22 - B33) / 2 

Stress Vector 

Strain Vector 



APPENDIX C 

DERNATION OF GOVERNING RELATIONS 



I, E l a s t i c  S t r a i n  Decomposition: 

Fo r  t r a n s v e r s e l y  i so t rop ic  ma t e r i a l ,  w i t h  i so t ropy  i n  t h e  2-3 plane, t h e  
decomposi t ion of a  g iven  e l a s t i c  s t r a i n  s t a t e  (e i )  i n t o  t_he e l a s t i c  
d e v i a t o r i c  s t r a i n s  (e i ) ,  e l a s t i c  d e v i a t o r i c  d i l a t a t i o n  (e) ,  a n d  t h e  
h y d r o s t a t i c  s t r a i n  components  (ej) h a s  been shown t o  r e q u i r e  t h e  
so lu t ion  of t h e  following nine equa t i ons  : 

( D i l a t a t i o n  of Dev i a to r i c  
S t r a i n  (11 1 

(Non-unif o m  Hydros t a t i c  
S t r a i n  ) (7 1 

(Assures t h a t  d e v i a t o r i c  
s t r e s s  has  no h y d r o s t a t i c  
component ) (9 1 

S t a n d a r d  equa t i on  reduc t ion  techn iques  may be employed t o  o b t a i n  t h e  
following so lu t ion  sequence:  

E q u a t i o n s  (3) a r e  now d i r e c t l y  s o l v a b l e  f o r  e j .  



I I. Derivat ion of (dZjP/dX 1: 

In determining t h e  e las t ic  s t r a i n  components t o  be used f o r  t h e  
calculation of s t r e s s  a f t e r  yielding, it was found t o  be convenient t o  
decompose these  e las t ic  components i n t o  t h e  t o t a l  s t r a i n  increment, and t h e  
negat ive of t h e  plast ic  s t r a i n  increment. The plast ic  flow re la t ions  requi red  
t h e  knoyledge of t h e  t e r m  A Z ~ ,  which a t  t h e  t ime was l e f t  only 
a s  (de jP/dX)AX,  t h e  q u a n t i t y  AX b e i n g  d e t e r m i n e d  
t . h r o u g h  o t h e r  means .  T h e  t e r m  (d i JP /dX) i s  a c q u i r e d  by  
employing t h e  devia tor ic  conversion equat ions (C-1,C-2, C-3, and 3) on t h e  
plast ic  port ion of t h e  s t r a i n  increment.  Again, t h i s  is ,permi t ted  because of 
t h e  l i n e a r i t y  of t h e  conversion equations, t h e  negat ive of t h e  pla-stic s t r a i n  
increment being nothing more t h a n  a decomposed component of t h e  e las t ic  s t r a i n  
inc remen t .  

Employing equa t ion  (C-1) and making use of t h e  plast ic  
i n c o m p r e s s i b i l i t y  r e l a t i o n  (16), t h e  d i l a t i v e  q u a n t i t y  A ~ P  is 
determined t o  be :  

Employing t h e  f i r s t  o rde r  approximation t o  t h e  plast ic  flow rule ,  one 
a c q u i r e s  A e l P  - d A ( a f / a a l ) .  U s i n g  t h e  r e l a t i o n s  
of Appendix D under  t h e  c o n s t r a i n t s  of a t r ansve r se ly  isotropic material ,  one 
can show 

Thus, f o r  t h e  t r a n s v e r s e l y  i so t rop ic  mater ia l  i n  question, t h e  d i la t ive  
q u a n t i t y  A ~ P  may be c a s t  completely in  t e r m s  of a v a i l a b l e  
quan t i t i e s  (excepting AX ) a s  : 

Equations (C-2,C-3 and C-6) may t h e n  be employed t o  a sce r t a in  t h e  q u a n t i t y  
AeJP a s  

As a r e s u l t  of d i f f e r e n t i a t i n g  equation ( 7  ) t h e  quan t i ty  (dijP/dX ) 
is r e a d i l y  ava i lab le  f o r  use  in  equa t ions  (17) and (18). 



APPENDIX D 

ANISOTROPIC YIELD AND FLOW RULE RELATIONS 



The theory  and computer code implementation of yield d p las t ic i ty  ru les  
f o r  an i so t rop ic  m a t e r i a l s  has  been detailed by others6Itg. The t h e o r y  
extends,. t h e  approach of t h e  Von Mises yield cr i te r ion ,  which i s  used 
extensively f o r  isotropic materials.  A simple review of t h e  pe r t inen t  points 
will be done j u s t  f o r  c lar i ty .  Hill's original s t a t emen t  of t h e  anisotropic 
yield c r i t e r ion  was given a s  : 

By making t h e  appropr ia te  subs t i tu t ions ,  t h i s  c r i t e r ion  was r e s t a t e d  by 
Vavrick and Johnson a s :  

The yield funct ion f ,  when fixed a t  a  value of un i ty ,  implies a  perfect ly 
plastic material .  Uniform work hardening may be realized by l e t t ing  t h e  yield 
function f  t a k e  on values g r e a t e r  t h a n  unity.  The form of equation (D-2)  
maKes it easy t o  define t h e  mater ia l  cons tants  of t h e  B matr ix.  If f o r  
example, Yi r ep resen t s  t h e  tensi le  s t r e n g t h  of t h e  material  i n  mater ia l  
direct ion 1, t h e n  considering ' t h e  simple case of uniaxial tension i n  t h e  1 
d i r ec t ion ,  subs t i tu t ion  i n t o  ( D - 2 )  reveals  d i r ec t ly  t h a t  : 

Similar ly,  t h e  o t h e r  c o n s t a n t s  a r e  generated easily from simple 
tension and s h e a r  da ta ,  o r  from l inear  combinations of t h e  o t h e r  constants .  
For t r ansve r se ly  isotropic materials  such a s  t h e  ones being considered in  t h i s  
r e p o r t ,  t h e  yield ma t r ix  Bi j  taKes t h e  form : 

where: 



Because of t h e  f a c t  t h a t  t h e  2-3 plane is isotropic,  t h e  yield c r i t e r i o n  
must be independent of r o t a t i o n s  in t h a t  plane. By evaluat ing t h e  yield 
equat ion (D-2) under conditions of pure  shea r  i n  t h e  2-3 plane,  and by then  
reevalua t ing  yield in  a  coordinate  frame r o t a t e d  by 45  degrees in t h e  
isotropic plane, it can be shown t h a t  Y4 is constrained f o r  t r ansve r se ly  
isotropic mater ia l s  t o  be: 

For calculations involving t h e  yield su r face  normal, p a r t i a l  de r iva t ives  
a r e  taken  on equat ion (D-2) w i t h  respect  t o  each of t h e  nine tensor ia l  s t r e s s  
components, and evaluated a t  t h e  s t r e s s  s t a t e  in  question. Because t h e  yield 
equat ion (D-2) is expressed in t e r m s  of a  convenient (albei t  non-tensorial) 
s ix  dimensional cont rac ted  " s t r e s s  vector"  space, it must be realized t h a t  
t e r m s  l ike  a 4  i n  r e a l i t y  r e p r e s e n t  t h e  sum of two equal valued shea r  
s t r e s s e s  (e .g.  a 4  . 5 ( ~ 2 3  t 032)) .  A s  s u c h  t h e  
p a r t i a l  de r iva t ives  wi th  respec t  t o  t h e  shea r  s t r e s s e s  is one half t h a t  i f  
calculated s t r i c t l y  on t h e  basis of equat ion (D-2). 



SYMBOLS 

( ) a primed variable is a quantity whose value is taken in an arbitrary 
laboratory reference frame. Unprimed quantities are those taken in the 
"material coordinate frame" of a transversely isotropic material. 

( )t a superscript t denotes that a variable represents a total quantity, 
whlch is composed of an elastic part and a plastic part. 

( )P a superscript p denotes that a varlable represents a plastlc quantity. 

A ) a delta before a quantity signifies that the quantity is an increment. 
As with all models employing the Cauchy strain tensor, incremental 
constitutive relations must be employed with corrections for rotation 
in order to maKe the proposed model acceptable for computation of 
systems involving 1 arge strains. 

C'ij modulus matrix (6x6) whlch relates stress components Ui' to strain 
components E j ' .  The "material coordinate frame" of a transversely 
isotropic material will be defined as the reference frame whose the 
modulus matrix (designated without the use of primes) is: 

a i elastlc stress components in contracted notation; indices i to 3 are 
normal components, whereas 4 to 6 are the shear components 23, 13 and 
12 respectively. 

J elastic strain components in contracted notation; indices 1 to 3 are 
normal components, whereas 4 to 6 are the shear components 23, 13 and 
12 respectively. 

- 
o i average stress, by definition equal to the negative of the hydrostatic 

pressure. 

i deviatoric elastic stress components (6 independent). In this report, 
the term "deviatoric" will imply a deviation from the stress state 
resulting from a condition of hydrostatic pressure. 

j deviatoric elastic strain components (6 independent). In this report, 
the term "deviatoric" will imply a deviation from the strain state 
resulting from a condition of hydrostatic pressure. For anisotropic 
materials, strain is not uniform under conditions of hydrostatic 
pressure (i.e. the three principal components of strain are not 



identical). As a result, the normal deviatoric strain components are 
NOT simply the difference between the total strain component and the 
average of the normal strain components. 

- 
e deviatoric dilatation (el+e2+e3). Though dilatation is only a 

function of pressure for isotropic materials, dilatation may vary in an 
anisotropic material just by varying the deviatoric stress (without 
changing the pressure). Thus, this dilatation associated with the 
deviatoric stress is is referred to as deviatoric dilatation. 

5 strain state resulting from hydrostatic pressure. For an isotropic 
material, the three normal "hydrostatic" strains would be equal. This 
is not the case for anisotropic material. 

Ko a parameter which represents the ratio of longitudinal to transverse 
strain (in the material reference frame) under conditions of 
hydrostatic pressure (al : 02 = u3). 

Kc a parameter which represents the ratio of longitudinal to transverse 
stress (in the material reference frame) under conditions of uniform 
strain (el = e2 = e3). 

af/auj the vector normal to the yield surface, which is given by the function 
f. 

af/asj is equivalent to af/auJ for a yield criterion liKe the Von Mises 
or Hill, where yielding is not a function of hydrostatic pressure. 

A 1 a proportionality constant between the yield surface normal vector, and 
the total plastic strain increment vector, which are parallel. 

Y 1 axial flow stress along the longitudinal material direction (for normal 
stresses in the 1 direction). 

y2 axial flow stress along the transverse material direction of a 
transversely isotropic material (for normal stresses in the 2 and 3 
directions ) .  

y4 ' shear flow stress in the isotropic (i.e. transverse-transverse) plane 
of a transversely isotropic material (i.e. for shear stresses in the 2-3 
plane ); contracted f o m  of Y23. 

Y5 shear flow stress in a plane normal to the isotropic plane of a 
transversely isotropic material, Known as the longitudinal-transverse 
shear strength (i.e. for shear stresses in the 1-2 and 1-3 planes); 
contracted f o m  of Y13. 

i Youngs modulus in direction i. 

Gij Shear modulus in i-j plane. 

vij Poisson's ratio in i-j plane. 
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